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We present a general solution of the Einstein gravitational field equations for the static spherically
symmetric gravitational interior spacetime of an isotropic fluid sphere. The solution is obtained by
transforming the pressure isotropy condition, a second order ordinary differential equation, into
a Riccati type first order differential equation, and using a general integrability condition for the
Riccati equation. This allows us to obtain an exact non-singular solution of the interior field equa-
tions for a fluid sphere, expressed in the form of infinite power series. The physical features of the
solution are studied in detail numerically by cutting the infinite series expansions, and restricting
our numerical analysis by taking into account only n = 21 terms in the power series representa-
tions of the relevant astrophysical parameters. In the present model all physical quantities (density,
pressure, speed of sound etc.) are finite at the center of the sphere. The physical behavior of the
solution essentially depends on the equation of state of the dense matter at the center of the star.
The stability properties of the model are also analyzed in detail for a number of central equations
of state, and it is shown that it is stable with respect to the radial adiabatic perturbations. The
astrophysical analysis indicates that this solution can be used as a realistic model for static general
relativistic high density objects, like neutron stars.
PACS numbers: 04.20.Cv, 04.20.Jb, 04.40.Dg, 97.60.Jd
I. INTRODUCTION
Spherically symmetric problems are very important in
general relativity because phenomena such as black holes,
neutron stars, quark stars and gravitational collapse have
been found in the class of system with spherical symme-
try. Relativistic stellar models have been studied ever
since the first solution of Einstein’s field equation for the
interior of a compact object in hydrostatic equilibrium
was obtained by Karl Schwarzschild in 1916 [1]. The
search for the exact solutions describing static isotropic
and anisotropic stellar type configurations has continu-
ously attracted the interest of physicists. An important
moment in the development of this field is the paper by
Tolman [2], in which a method to obtain explicit analyti-
cal solutions of the field equations was proposed. Instead
of using the equation of state of matter to close the sys-
tem of the field equations, Tolman proposed to introduce
an additional equation necessary to give a determinate
problem in the form of some ad hoc relation between the
metric tensor components, as to make the resulting set
of field equations easy to solve. Based on this methodol-
ogy eight solutions of the field equations were obtained in
[2], and this approach still continues to be one of the im-
portant methods in obtaining exact interior solutions of
the gravitational field equations for fluid spheres. Buch-
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dahl [3] made an important contribution to the study of
the fluid spheres by obtaining the famous bound on the
mass radius ratio for stable general relativistic spheres,
2GM/c2R ≤ 8/9. An exact non-singular solution, based
on a particular choice of the mean density inside the star,
was also obtained.
There are very few exact interior solutions (both
isotropic and anisotropic) of the gravitational field equa-
tions satisfying the required general physical conditions
inside the star. From 127 published solutions analyzed
by Delgaty and Lake [4] only 16 satisfy all the conditions.
But the study of the interior of general relativistic stars
via finding exact solutions of the field equations is still
an active field of research. The spacetime metrics corre-
sponding to the class of all static spherically symmetric
perfect fluid geometries were explicitly characterized in
[5]. The results may be useful whenever there is some
uncertainty regarding the actual equation of state of the
dense matter inside the general relativistic star. Fur-
ther generalizations of the Buchdahl bound by placing a
number of constraints on the interior geometry (the met-
ric components), on the local acceleration due to gravity,
on various combinations of the internal density and pres-
sure profiles and on the internal compactness 2m(r)/r of
static fluid spheres were obtained in [6]. An algorithm
based on the choice of a single monotone function (sub-
ject to boundary conditions), which generates all regu-
lar static spherically symmetric perfect-fluid solutions of
Einstein’s equations was presented in [7]. With the help
of this algorithm an infinite number of previously un-
known physically interesting exact solutions can be con-
2structed. A variant of the algorithm developed in [7] was
introduced in [8] by recasting it in terms of variables with
a clear physical meaning, like the average density and the
locally measured acceleration due to gravity. The formal-
ism can be used to understand the relationships among
some known exact solutions, and generate several new ex-
act solutions of the Einstein field equations for the static
fluid sphere.
Several transformation theorems that map perfect fluid
spheres into perfect fluid spheres were developed in [9].
The transformation theorems can be used to develop a
systematic way of classifying the set of all perfect fluid
spheres, and they also led to unexpected connections be-
tween previously known perfect fluid spheres, and to pre-
viously solutions of the field equations describing per-
fect fluid spheres. ”Solution generating” theorems for
the Tolman-Oppenheimer-Volkov equation, whereby any
given solution can be ”deformed” to a new solution,
were developed in [10]. The theorems work directly in
terms of the physical observables of the fluid sphere -
the pressure profile and the density profile, respectively.
The ”deformed” solutions of the Tolman-Oppenheimer-
Volkov equation are conveniently parameterized in terms
of δρc and δpc, the finite shifts in the central density
and central pressure, respectively. Several new and sig-
nificant transformation theorems that map perfect fluid
spheres to perfect fluid spheres using both usual and un-
usual coordinate systems, such as Schwarzschild (curva-
ture), isotropic, Gaussian polar (proper radius), Synge
isothermal (tortoise) and Buchdahl coordinates were dis-
cussed in [11].
The Einstein static universe was transformed into a
class of physically acceptable static fluid spheres, whose
physical properties were written down in an explicit form
in [12]. An explicit four-fold infinity of physically accept-
able exact perfect fluid solutions of Einstein’s equations
by way of conformal transformations of physically un-
acceptable solutions was discussed in [13]. Using these
transformations as a basis, one can classify different types
of perfect fluid sphere solutions.
The necessary and sufficient condition for universality
of the Schwarzschild interior solution describing a uni-
form density sphere, for all n ≥ 4 dimensions, in the
framework of Einstein-Gauss-Bonnet gravity, was pre-
sented in [14]. A standard polynomial expansion tech-
nique was used to show the existence of a relation be-
tween polytropic model and the description of gas spheres
at finite temperature in [15].
The study of general relativistic compact objects is of
fundamental importance for astrophysics. After the dis-
covery of pulsars and explanation of their properties by
assuming them to be rotating neutron stars, the theoret-
ical investigation of superdense stars has been done using
both numerical and analytical methods and the param-
eters of neutron stars have been worked out by general
relativistic treatment.
It is the purpose of this paper to introduce an ex-
act solution of the Einstein gravitational field equations,
describing the interior of a general relativistic isotropic
fluid sphere. The condition of the pressure isotropy can
be formulated as a second order homogenous equation,
which in turn can be transformed into a first order Ric-
cati type differential equation. The exact solution of the
Riccati equation can be found by using an integrability
condition for this equation, thus allowing the construc-
tion of an exact solution of the gravitational field equa-
tions, without the use of any ad hoc assumptions on the
physical or geometrical quantities. The obtained solu-
tion is non-singular at the center of the fluid sphere, and
it is expressed in the form of infinite power series. The
physical properties of the corresponding stellar model are
analyzed in detail numerically, by cutting the infinite se-
ries expansions, and restricting our numerical analysis
by taking into account only n = 21 terms in the power
series representations of the relevant astrophysical pa-
rameters. The solution presented in this paper satisfies
all the physical conditions required for realistic stellar
models, like monotonicity of the density and pressure, a
speed of some smaller than the speed of light for most
of the equations of state of the matter at the center of
the star, and matching on the vacuum boundary with
the Schwarzschild exterior solution. The stability prop-
erties of the model have been analyzed in detail, and
we have shown that the model is stable with respect
to radial adiabatic perturbations. From an astrophysi-
cal point of view the solution describes an ultra-compact
massive stellar type object, with radius of around 10 km,
and a mass of the order of 2.1M⊙, corresponding to a
central density of 3× 1015 g/cm3.
The present paper is organized as follows. The grav-
itational field equations and the integrability condition
of the Riccati equation are presented in Section II. The
general solution of the field equations is obtained in Sec-
tion III. The physical properties of the corresponding
stellar model are analyzed in Section IV. We discuss and
conclude our results in Section V.
II. GEOMETRY, FIELD EQUATIONS, AND
THE INTEGRABILITY CONDITION
In standard coordinates xi = (t, r, θ, φ), the line ele-
ment for a static spherically symmetric space-time takes
the form
ds2 = A2(r)c2dt2 −B−1(r)dr2 − r2 (dθ2 + sin2 θdφ2) .
(1)
Einstein’s gravitational field equations are
Rki −
1
2
Rδki =
8piG
c4
T ki . (2)
For an isotropic spherically symmetric matter distri-
bution the components of the energy-momentum tensor
are of the form [16]
T ki =
(
ρc2 + p
)
uiu
k − pδki , (3)
3where ui is the four-velocity ui = δi0, ρ is the energy den-
sity, and p is the pressure, respectively. For any physi-
cally acceptable stellar models, we require the condition
that the energy density and the pressure are positive and
finite at all points inside the fluid spheres.
For the metric given by Eq. (1) the gravitational field
equations that follows from Eqs. (2) are
8piG
c2
ρ =
1−B
r2
− 1
r
dB
dr
, (4)
8piG
c4
p = 2
1
A
dA
dr
B
r
+
B − 1
r2
, (5)
and(
1
A
dA
dr
+
1
r
)
dB
dr
+2B
(
1
A
d2A
dr2
− 1
rA
dA
dr
− 1
r2
)
+
2
r2
= 0,
(6)
respectively. From a physical point of view Eq. (6) rep-
resents the condition of the pressure isotropy inside the
star. Eq. (4) can be immediately integrated to give
B(r) = 1− 2Gm(r)
c2r
, (7)
where m(r) = 4pi
∫ r
0 ρ (ζ) ζ
2dζ represents the total mass
content of the distribution within the fluid sphere of ra-
dius r. In the following we introduce the notations
x = r2, (8)
η (r) =
Gm(r)
c2r3
, (9)
and
B(x) = 1− 2xη(x), (10)
respectively. At the center of the star the function η has
the value
lim
r−→0
η(r) =
4piG
3c2
ρc, (11)
where ρc is the central density. By taking into account
the definition of m as dm/dr = 4piρr2 and of η, we can
express the density ρ as
4piG
c2
ρ(r) = r
dη
dr
+ 3η, (12)
or, equivalently,
4piG
c2
ρ(x) = 2x
dη(x)
dx
+ 3η(x). (13)
Hence, we can express the condition of the isotropy of
the pressure, given by Eq. (6), in the form [3]
(1− 2xη)A′′ − (xη′ + η)A′ − 1
2
η′A = 0, (14)
or, equivalently,
A′′
A
− xη
′ + η
1− 2xη
A′
A
− 1
2
η′
1− 2xη = 0, (15)
where ′ = d/dx.
By denoting u = A′/A, we have A′′/A = u′ + u2, and
Eq. (15) can be written as
u′ =
1
2
η′
1− 2xη +
xη′ + η
1− 2xηu− u
2. (16)
At this moment it is useful to observe that xη′ + η =
d (xη) /dx, and denote
v = xη. (17)
Then η + xη′ = v′, and η′ = v′/x− v/x2, respectively.
Hence Eq. (16) becomes
u′ =
1
2 (1− 2v)
(
v′
x
− v
x2
)
+
v′
1− 2vu− u
2. (18)
A. The integrability condition for the Riccati
equation
Eq. (18) is a Riccati type ordinary differential equation
of the form
dy
dx
= P (x) +Q(x)y +R(x)y2, (19)
where P , Q, R are arbitrary real functions of x, with
P,Q,R ∈ C∞(I), defined on a real interval I ⊆ ℜ. A
general integrability condition of the Riccati equation can
be obtained as follows. From an algebraic point of view
Eq. (19) is a quadratic equation in y. We consider that
its particular solutions yp±(x) can be represented as
yp±(x) =
−Q(x)±
√
f(x)
2R (x)
, (20)
where we have introduced the new function f(x) ∈
C∞(I), defined as
f (x) = Q2 (x)− 4R (x)
[
P (x)− dy
dx
]
. (21)
The requirement that the functions yp±(x) given by
Eq. (20) are particular solutions of the Riccati Eq. (19),
restricts the expression of P (x) to the form
P (x) =
d
dx
[
−Q(x)±
√
f(x)
2R(x)
]
+
Q2(x)− f(x)
4R(x)
. (22)
By substituting P (x) given by Eq. (22) into Eq. (19),
we obtain a Riccati equation having the form
dy
dx
=
d
dx
[
−Q(x)±
√
f(x)
2R(x)
]
+
Q2(x) − f(x)
4R(x)
+Q(x)y +R(x)y2,
(23)
4where f(x) is a solution generating function to the auxil-
iary Riccati Eq. (23). Therefore we obtain the following
Theorem. If the coefficients P (x), Q(x) and R(x) of
a Riccati differential equation satisfy the condition (22),
with f(x) ∈ C∞(I) an arbitrary function defined on a
real interval I ⊆ ℜ, then the general solution of the Ric-
cati Eq. (23) is represented by
y±(x) =
e±
∫ √
f(x)dx
C± −
∫
R(x)e±
∫ √
f(x)dxdx
+
[
−Q(x)±
√
f(x)
2R(x)
]
, (24)
where C± are arbitrary integration constants [17].
In the particular case f(x) ≡ 0, the integrability con-
dition of the Riccati equation becomes
P (x) = − d
dx
Q(x)
2R(x)
+
Q2(x)
4R(x)
, (25)
and the general solution of the Riccati equation satisfying
the integrability condition given by Eq. (25) is obtained
as
y(x) = − Q(x)
2R(x)
+
1
C − ∫ R(x)dx , (26)
where C is an arbitrary integration constant.
III. THE GENERAL SOLUTION OF THE FIELD
EQUATIONS SATISFYING THE RICCATI
EQUATION INTEGRABILITY CONDITION
The basic equation describing the physical and geomet-
rical properties of the interior of the general relativistic
fluid spheres is given by the Riccati Eq. (18). The coef-
ficients of this equation are represented by
P =
1
2 (1− 2v)
(
v′
x
− v
x2
)
, (27)
Q =
v′
1− 2v = −
1
2
d
dx
ln (1− 2v) , (28)
and
R = −1, (29)
respectively. In the following we restrict our study to the
case f(x) ≡ 0 only. Therefore the integrability condition
of Eq. (18), given by Eq. (25), becomes
1
(1− 2v)
(
v′
x
− v
x2
)
=
d
dx
v′
(1− 2v) −
v′2
2 (1− 2v)2
. (30)
By denoting
w = 1− 2v, v = 1− w
2
, (31)
Eq. (30) can be written as
w′′ − 3
4
w′2
w
− w
′
x
+
w
x2
− 1
x2
= 0. (32)
By introducing a new dependent variable V so that
w = 1− 2v = V 4, (33)
Eq. (32) takes the form
4x2V ′′ − 4xV ′ + V = 1
V 3
. (34)
In terms of V the function η is given by
η(x) =
Gm(x)
c2x3/2
=
v
x
=
1− V 4
2x
. (35)
A. The solution of the integrability condition
The integrability condition of the gravitational field
equations, given by the second order non-linear differen-
tial Eq. (34), has the exact particular solution V = 1. In
order to obtain a general solution for V , we consider that
V (x) can be represented as a power series of the form
V (x) = 1− a1x+
∞∑
n=2
anx
n, (36)
where an ∈ ℜ. Next we expand 1/V 3(x) in power series
near x = 0, so that
1
(1− a1x+
∑∞
n=2 anx
n)
3 = 1−a1x+
∞∑
n=2
bn (a1, a2, ..., an)x
n,
(37)
where the coefficients bn are polynomial functions of an.
The first few terms of the series expansion are
1
(1− a1x+ a2x2 + a3x3 + ...)3
= 1 + 3a1x+
3
(
2a21 − a2
)
x2 +
(
10a31 − 12a1a2 − 3a3
)
x3 +
3
(
5a41 − 10a21a2 − 4a1a3 + 2a22 − a4
)
x4 + ... (38)
After substituting Eqs. (36) and (37) in Eq. (34) it
turns out that these series expansions solve exactly the
equation for all n, n = 1, 2, ...,∞. The first few terms
obtained after the substitution of the series expansions
in Eq. (34) are
2
(
3a21 − 2a2
)
x2 + 2
(
5a31 − 6a1a2 − 8a3
)
x3 + 3
(
5a41 −
10a21a2 − 4a1a3 + 2a22 − 12a4
)
x4 + .... = 0. (39)
Moreover, all coefficients an, n 6= 1, can be obtained
as a function of a1, so that the exact solution of Eq. (34)
5can be obtained in the form of an infinite power series as
V (x) = 1− a1x+ 3 a
2
1
2
x2 − a
3
1
2
x3 − 7 a
4
1
24
x4 +
a51
8
x5 +
111 a61
400
x6 +
23 a71
3600
x7 − 46117 a
8
1
156800
x8 −
65273 a91
470400
x9 +
4624547 a101
15240960
x10 +
28597727 a111
90720000
x11 − 83015551249 a
12
1
307359360000
x12 + ...
(40)
To find out the physical interpretation of a1, we sub-
stitute V given by Eq. (36) into Eq. (35) for the mean
density η. Using the l’Hospital rule, we obtain the limit
of mean density η for x approaching zero given by
lim
x→0
η(x) = lim
x→0
1− V 4(x)
2x
=
lim
x→0
1− [1− a1x+
∑∞
n=2 anx
n]
4
2x
=
lim
x→0
d
dx
[
1− [1− a1x+
∑∞
n=2 anx
n]
4
]
2
=
lim
x→0
{
− 2
(
1− a1x+
∞∑
n=2
anx
n
)3
×
(
−a1 +
∞∑
n=2
annx
n−1
)}
. (41)
Therefore we obtain
lim
x→0
η(x) = 4pi
Gρc
3c2
= 2a1, (42)
giving
2a1 =
4piGρc
3c2
=
1
xR
=
1
R2c
, (43)
or
Rc =
√
3c2
4piGρc
= 1.036×106×
(
ρc
3× 1015g/cm3
)−1/2
cm.
(44)
By denoting ξ = x/xR, V can be represented as
V (ξ) = 1− 1
2
ξ +
3
8
ξ2 − 1
16
ξ3 − 7
384
ξ4 +
1
256
ξ5 +
111
25600
ξ6 +
23
460800
ξ7 − 46117
40140800
ξ8 −
65273
240844800
ξ9 +
4624547
15606743040
ξ10 +
28597727
185794560000
ξ11 − 83015551249
1258943938560000
ξ12 + ....
(45)
As a function of ξ, η can be written as
η(ξ) =
4piG
3c2
ρc
1− V 4(ξ)
2ξ
. (46)
B. The general solution of the interior
gravitational field equations
If the integrability condition given by Eq. (25) is sat-
isfied, the general solution of Eq. (18) is given by
u(x) =
1
CA + x
− 1
4
d
dx
ln (1− 2v) , (47)
where CA is an arbitrary integration constant. Therefore
we obtain
A(ξ) = A0
(
R2cξ + CA
)
[1− 2v(ξ)]1/4
= A0R
2
c
(
ξ + CA/R
2
c
)
V (ξ)
, (48)
where A0 is an arbitrary integration constant. The den-
sity distribution inside the star is found as
ρ(ξ) = ρc
[
1− V 4(ξ)
2ξ
+
1
3
ξ
d
dξ
1− V 4(ξ)
ξ
]
=
ρc
6
1− V 4(ξ)
ξ
×
{
1 + 2ξ
d
dξ
ln
[
1− V 4 (ξ)]} =
ρcρ0(ξ), (49)
where we have denoted
ρ0(ξ) =
1− V 4(ξ)
6ξ
×
{
1 + 2ξ
d
dξ
ln
[
1− V 4 (ξ)]} . (50)
The mass distribution of the star is obtained as
m(ξ) = 2piρcR
3
c
∫ ξ
0
ρ0(ξ
′)
√
ξ′dξ′ = 2piρcR
3
cm0(ξ), (51)
where
m0(ξ) =
∫ ξ
0
ρ0(ξ
′)
√
ξ′dξ′. (52)
The metric tensor component B can be written as
B(ξ) = 1− 3m0(ξ)√
ξ
. (53)
And, finally, the pressure distribution in the star can be
determined from the equation
p(ξ) =
2
3
ρcc
2
{[
1
CA/R2c + ξ
− d
dξ
lnV (ξ)
]
×
[
1− 3m0(ξ)√
ξ
]
− 3
4
m0(ξ)
ξ3/2
}
=
2
3
ρcc
2p0 (ξ) ,
(54)
where
p0(ξ) =
[
1
CA/R2c + ξ
− d
dξ
lnV (ξ)
]
×
[
1− 3m0(ξ)√
ξ
]
−
3
4
m0(ξ)
ξ3/2
. (55)
Thus the complete general solution of the gravitational
field equations describing the interior of a static isotropic
general relativistic star satisfying the Riccati integrabil-
ity condition has been obtained.
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FIG. 1: The variation of Vn(ξ) = 1 − ξ/2 +
∑n
k=2 dkξ
k with
respect to the dimensionless radial coordinate ξ for n = 21
(solid curve), n = 20 (dotted curve), n = 19 (dashed curve),
n = 18 (medium dashed curve), n = 17 (long dashed curve),
and n = 16 (ultra-long-dashed curve, respectively).
IV. PHYSICAL PROPERTIES OF THE
SOLUTION
In order to be physically meaningful, the interior so-
lution for static fluid spheres of Einstein’s gravitational
field equations must satisfy some general physical re-
quirements. The following conditions have been gener-
ally recognized to be crucial for isotropic fluid spheres
[4]:
a) the density ρ and pressure p should be positive inside
the star;
b) the gradients dρ/dr and dp/dr should be negative;
c) inside the static configuration the speed of sound
should be less than the speed of light, i.e. 0 ≤(
1/c2
)
dp/dρ ≤ 1;
d) the interior metric should be joined continuously
with the exterior Schwarzschild metric, that is A2(R) =
1 − 2GM/c2R, where M is the mass of the sphere as
measured by its external gravitational field and R is the
boundary of the sphere;
e) the pressure p must vanish at the boundary r = R
of the sphere.
A. The astrophysical parameters of the star
The general physical properties of the interior solu-
tion of the gravitational field equations obtained in the
previous Section are determined by the behavior of the
function V (ξ), which at the center of the star satisfies
the conditions V (0) = 1, and V ′ (0) = −1/2. The vari-
ation of V with respect to ξ is represented, for several
values of n, in Fig. 1.
In the interval ξ ∈ [0, 1.5) all the solutions Vn (ξ),
n = 16, 17, 18, 19, 20, 21 approximately coincide. How-
ever, for ξ > 1.5, the qualitative and quantitative behav-
ior of the function Vn essentially depends on the value of
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FIG. 2: The variation of the ratio ρ (ξ) /ρc of the density ρ(ξ)
at point ξ and of the central density ρc with respect to the
dimensionless radial coordinate ξ.
n, and, consequently, on the number of terms considered
in the series expansion. In order to obtain definite nu-
merical results, to maintain the exact analytical nature of
the solution, and to avoid the excessive use of numerical
methods, in the following we will restrict our study up to
the case n = 21 only.
The function V determines the behavior and properties
of the density ρ(ξ), whose variation with respect to ξ in
the stellar interior is represented in Fig. 2.
The density is finite throughout the star, including the
center ξ = 0. For ξS = 1.26, the density vanishes, and
ρ(ξ) < 0 for ξ > 1.26. Therefore we define the vacuum
boundary of the star as the surface corresponding to ξ =
ξS , with the property ρ (ξS) = 0. This choice determines
the physical radius of the gaseous sphere as
R = Rc
√
ξS =
√
3c2
4piGρc
√
ξS =
1.163× 106 ×
(
ρc
3× 1015 g/cm3
)−1/2
cm. (56)
Using the density distribution inside the star given by
Eq. (49), for the density gradient dρ(ξ)/dξ we obtain the
expression
dρ(ξ)
dξ
=
ρc
6
{
2
[
1− V 4(ξ)] d2
dξ2
ln
[
1− V 4 (ξ)]−
dV 4(ξ)
dξ
[
1
ξ
+ 2
d
dξ
ln
[
1− V 4 (ξ)]]+
V 4(ξ)− 1
ξ2
}
. (57)
The variation of the density gradient with respect to
ξ is represented in Fig. 3. For all points in the range
ξ ∈ [0, ξS ], the density gradient satisfies the condition
dρ/dξ < 0.
The variation of the dimensionless mass function in
the interval ξ ∈ [0, ξS ] is represented in Fig. 4. The mass
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FIG. 3: The variation of the density gradient d [ρ(ξ)/ρc] /dξ
inside the star as a function of the dimensionless radial coor-
dinate ξ.
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FIG. 4: The variation of the dimensionless mass m0(ξ) with
respect to the dimensionless radial coordinate ξ.
profile inside the star is a monotonically increasing func-
tion. At the surface of the star m0 reaches the value
m0 (ξS) = 0.206. Therefore the total mass M of the star
is given by
M = 2piρcR
3
cm0 (ξS) =
√
27
16pi
(
c2
G
)3/2
m0 (ξS)√
ρc
=
2.16
(
ρc
3× 1015 g/cm3
)−1/2
M⊙. (58)
The variation of the mean density η inside the star is
represented in Fig 5.
The mean density η is a monotonically decreasing func-
tion of ξ, and on the surface of the star it takes the value
η (ξS) = 0.218. This allows us to define the mean density
of the star as
< ρ >=
3M
4piR3
=
3
2
ρcη (ξS) = 0.327ρc. (59)
Next we consider the behavior of the pressure
inside the star. By taking into account that
limξ→0 V
′(ξ)/V (ξ) = −1/2, 3 limξ→0m0(ξ)/
√
ξ = 0, and
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FIG. 5: The variation of the mean density R2cη(ξ) with respect
to the dimensionless radial coordinate ξ.
limξ→0m0(ξ)/ξ
3/2 = 2/3, respectively, from Eq. (54) we
obtain
p(0) = pc =
2
3
ρcc
2 R
2
c
CA
, (60)
which allows us to express the arbitrary integration con-
stant CA as a function of the central pressure and central
density as
CA
R2c
=
2
3
ρcc
2
pc
. (61)
The ratio CA/R
2
c varies between CA/R
2
c = 2/3 ≈ 0.66,
corresponding to the stiff causal equation of state of the
form pc = ρcc
2 at the center of the star, and CA/R
2
c =
2, corresponding to the extremely relativistic radiation
type equation of state pc = ρcc
2/3. Hence the pressure
distribution can be written as
p(ξ) =
2
3
ρcc
2
{[
1
(2/3)ρcc2/pc + ξ
− V
′(ξ)
V (ξ)
]
×
[
1− 3m0(ξ)√
ξ
]
− 3
4
m0(ξ)
ξ3/2
}
. (62)
Therefore in order to construct specific stellar models
the equation of state at the center of the star must also
be specified. The variation of the pressure as a function
of the dimensionless radial coordinate ξ is represented,
for several equations of state of the matter at the center
of the star, in Fig. 6.
The pressure tends to zero at the zero density limit
ξS = 1.26 in the case of the stiff (pc = ρcc
2), or very
similar (pc = 2ρcc
2/3) equations of state. In the case
of the radiation equation of state the pressure reaches a
zero value before the density. These results suggest that
in the present model the equation of state of the matter
at the center of the star is either the stiff causal equation
of state, or a very similar one. Of course one could also
consider physical models with a non-zero surface density,
but vanishing surface pressure. For a stellar model with
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FIG. 6: Variation of the ratio p(ξ)/pc with respect to the di-
mensionless radial coordinate ξ for different equations of state
of the stellar matter at the center of the star: pc = ρcc
2 (solid
curve), pc = (2/3)ρcc
2 (dotted curve), pc = ρcc
2/3 (short
dashed curve), pc = ρcc
2/2 (dashed curve), pc = ρcc
2/3 (long
dashed curve) and pc = ρcc
2/4 (ultra-long dashed curve), re-
spectively.
a radiation type central equation of state the pressure
vanishes at ξS = 0.69, which defines the radius of the
star. The corresponding surface density is ρS = ρ (ξS) =
0.199ρc, and m0 (ξS) = 0.157. The physical radius and
mass of this type of star are
R = 8.607× 105 ×
(
ρc
3× 1015 g/cm3
)−1/2
cm, (63)
and
M = 1.646×
(
ρc
3× 1015 g/cm3
)−1/2
M⊙, (64)
respectively.
Using the pressure distribution inside the star as given
by Eq. (54), we obtain the expression for the pressure
gradient in the form
dp(ξ)
dξ
= 2ρcc
2
{[
d
dξ
lnV (ξ)− 1
CA/R2c + ξ
] [
ρ0(ξ)−m0(ξ)
2ξ3/2
]
−
[
1
3
− m0(ξ)√
ξ
]
×
[
1
(CA/R2c + ξ)
2 +
d2
dξ2
lnV (ξ)
]
− 1
4ξ
[
ρ0(ξ)−3m0(ξ)
2ξ3/2
]}
. (65)
The variation of dp(ξ)/dξ inside the star is represented
in Fig. 7.
The pressure gradient satisfies the condition
dp(ξ)/dξ < 0 for all ξ ∈ [0, ξS ]. In view of the
density gradient and of the pressure gradient, it is easy
to obtain the speed of sound c2s = dp/dρ inside the star
as
c2s
c2
= 12
(
d
dξ lnV − 1CA/R2c+ξ
)(
ρ0− m02ξ3/2
)
− B3
[
1
(CA/R2c+ξ)
2 +
d2
dξ2 lnV
]
− 14ξ
[
ρ0− 3m02ξ3/2
]
2 [1− V 4] d2dξ2 ln [1− V 4]− dV
4
dξ
[
1
ξ + 2
d
dξ ln [1− V 4]
]
+ V
4−1
ξ2
.
(66)
The ratio of the speed of sound and of the speed of light
inside the stellar interior is presented for two equations
of state at the center in Fig. 8.
As expected, the speed of sound decreases outwards in
the fluid sphere. For all points inside the star cs satisfies
the condition cs ≤ c for pc ≤ 2ρcc2/3. However, we have
to point out that the definition of the speed of sound
we have used is valid only for isentropic fluids, that is,
for fluids in which the entropy per baryon is constant
throughout the star. In general the definition of the speed
of sound is c2s = (∂p/∂ρ)s, where s is the entropy per
baryon [18].
An important physical characteristic of general rela-
tivistic objects, the equation of state of the dense matter
inside the star is represented in Fig. 9. The equation of
state of the matter cannot be obtained in an analytical
form.
Finally, we consider the matching of the metric coeffi-
cient A on the stellar surface with a vacuum boundary.
First of all we redefine the arbitrary integration constant
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FIG. 7: Variation of the pressure gradient d [p(ξ)/pc] /dξ with
respect to the dimensionless radial coordinate ξ for different
equations of state of the stellar matter at the center of the
star: pc = ρcc
2 (solid curve), pc = (2/3)ρcc
2 (dotted curve),
pc = ρcc
2/3 (short dashed curve), pc = ρcc
2/2 (dashed curve),
pc = ρcc
2/3 (long dashed curve) and pc = ρcc
2/4 (ultra-long
dashed curve), respectively.
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FIG. 8: Variation of the ratio c2s/c
2 with respect to the di-
mensionless radial coordinate ξ for different equations of state
of the stellar matter at the center of the star: pc = ρcc
2 (solid
curve), pc = (2/3)ρcc
2 (dotted curve), pc = ρcc
2/3 (short
dashed curve), pc = ρcc
2/2 (dashed curve), pc = ρcc
2/3 (long
dashed curve) and pc = ρcc
2/4 (ultra-long dashed curve), re-
spectively.
A0 so that A0 = α/R
2
c , where α is a dimensionless con-
stant. On the surface of the star, where ξS = 1.26,
V (ξS) = 0.818, and the matching condition for A be-
comes
α
ξS + (2/3)ρcc
2/pc
V (ξS)
=
√
1− 3m0(ξS)√
ξS
, (67)
which gives for α the expression
α =
0.739
1.26 + (2/3)ρcc2/pc
. (68)
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FIG. 9: The equation of state p/pc = f (ρ/ρc) of the matter
inside the star for different equations of state of the stellar
matter at the center of the star: pc = ρcc
2 (solid curve), pc =
(2/3)ρcc
2 (dotted curve), pc = ρcc
2/3 (short dashed curve),
pc = ρcc
2/2 (dashed curve), pc = ρcc
2/3 (long dashed curve)
and pc = ρcc
2/4 (ultra-long dashed curve), respectively.
B. Dynamical stability properties of the stellar
model
In the following we study the stability of the stellar
model with respect to the infinitesimal radial adiabatic
perturbations by using the approach introduced in [19],
and further developed and applied to concrete astrophys-
ical cases in [20] and [18], respectively. A normal mode
of radial oscillation for an equilibrium configuration is
stable if δr = ζ(r) exp
(
iσx0
)
, where x0 = ct, is stable
(periodic oscillation) if its frequency σ is real, and unsta-
ble (exponential growth), if σ is imaginary. Here ζ(r) is a
chosen trial function that must satisfy some appropriate
boundary conditions.
By assuming that all the perturbations have a depen-
dence on x0 of the form exp(iσx0), from the linearized
Einstein field equations we obtain the Sturm-Liouville
eigenvalue equation for the eigenmodes as
d
dr
(
Π
dζj
dr
)
+
(
Θ+ σ2jW
)
ζj = 0, j = 1, 2, ..., n, (69)
where we have redefined the “Lagrangian displacement”
χ as χ → r−2A(r)ζ (corresponding to a Lagrangian dis-
placement of the radial coordinate of the form δr(x0, r) =
r−2A(r)ζ exp(iσx0), and we have denoted
Π =
γp
r2
A3√
B
, (70)
Θ =
Π
γp
[
p′2
ρc2 + p
− 4p
′
r
− 8piG
c4
p(ρc2 + p)
1
B
]
, (71)
and
W =
ρc2 + p
r2
A
B3/2
, (72)
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respectively. The adiabatic index γ is defined as
γ =
ρc2 + p
p
1
c2
dp
dρ
. (73)
The boundary conditions for ζ(r) are that ζ(r)/r3 is
finite or zero as r → 0 and that the Lagrangian variation
of the pressure ∆p = − (γpA/r2) dζ/dr vanishes at the
surface of the star.
The eigenvalue problem formulated in Eq. (69) can be
re-expressed in a well-known variational form: the ex-
tremal values of the quantity
σ2 =
c2
∫ R
0
[
Π
(
dζ
dr
)2
−Θζ2
]
dr∫ R
0
Wζ2dr
, (74)
are the eigenvalues σ2j of Eq. (69) and the functions ζ(r),
which give the extremal values, are the corresponding
eigenfunctions. A sufficient condition for the dynamical
instability of a mass is that the right hand side of Eq. (74)
vanishes for some chosen trial function ζ which satisfies
the boundary conditions [19, 20]. For all stellar models
of physical interest the frequency spectrum of the normal
radial modes is discrete; the n-th normal mode has n
nodes between the center and the surface of the star. The
normal mode eigenfunctions are orthogonal with respect
to the weight function W (r):
∫ R
0 Wζjζkdr = 0, if j 6= k.
By using the explicit forms of the metric functions we
obtain
Π =
ρcc
2
R2c
α3γp0
[
ξ + (2/3)ρcc
2/pc
]3
ξV 3
√
1− 3m0/
√
ξ
=
ρcc
2
R2c
α3Π0 (ξ) ,
(75)
Θ =
ρcc
2
R4c
α3
[
ξ + (2/3)ρcc
2/pc
]3
ξV 3
√
1− 3m0/
√
ξ
×
[
4ξ (dp0/dξ)
2
ρ0 + p0
− 8dp0
dξ
− 6p0 (ρ0 + p0)√
1− 3m0/
√
ξ
]
=
ρcc
2
R4c
α3Θ0 (ξ) , (76)
and
W =
ρcc
2
R2c
α (ρ0 + p0)
ξ + (2/3)ρcc
2/pc
ξV
(
1− 3m0/
√
ξ
)3/2 = ρcc2R2c αW0 (ξ) ,
(77)
respectively. For the oscillation frequency we find
σ2 = α2
c2
R2c
∫ ξS
0
(
4
√
ξΠ0 (dζ/dξ)
2 −Θ0ζ2/
√
ξ
)
dξ∫ ξS
0
(
W0ζ2/
√
ξ
)
dξ
. (78)
The variation of the adiabatic index γ inside the star
is represented in Fig. 10.
Depending on the equation of state at the center, the
adiabatic index shows a large variety of behaviors. For
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FIG. 10: Variation of the adiabatic index γ with respect to
the dimensionless radial coordinate ξ for different equations of
state of the stellar matter at the center of the star: pc = ρcc
2
(solid curve), pc = (2/3)ρcc
2 (dotted curve), pc = ρcc
2/3
(short dashed curve), pc = ρcc
2/2 (dashed curve), pc = ρcc
2/3
(long dashed curve) and pc = ρcc
2/4 (ultra-long dashed
curve), respectively.
1/2 ≤ pc/ρcc2 ≤ 1, at the center of the star the adiabatic
index has values in the range of 2.2 ≤ γ(0) ≤ 3.2, and
then γ monotonically decreases to zero at the surface of
the star. For pc/ρcc
2 ≤ 1/3, the central value of the adi-
abatic index is in the range 2.2− 2.5, and then it rapidly
increases to values of the order of 5 at the surface of the
star. To find a physical interpretation of the behavior
of γ we adopt a simplified physical model in which we
assume that at each point the matter obeys the perfect
gas equation of state p(r) = (kB/µmH) ρ(r)T (r), where
kB is Boltzmann’s constant, µ is the atomic weight of
the matter, mH is the proton mass, and T (r) is the local
temperature. By using the definition of γ we obtain the
temperature gradient inside the star as
dT
dρ
=
µmH
kB
(
γ − 1− c
2
s
c2
)
. (79)
For pc/ρcc
2 ≤ 1/3, dT/dρ > 0, ∀ξ ∈ (0, ξS). There-
fore the temperature is monotonically increasing with the
density inside the star, reaching its maximum value at the
center. On the other hand for 1/2 ≤ pc/ρcc2 ≤ 1, the
temperature gradient changes its sign inside the star, so
that in some regions there is a transition from a state
of matter with dT/dρ > 0 to a phase with dT/dρ < 0,
which may suggest the presence of some thermal insta-
bilities inside the star.
The values of the pulsation frequency are presented, for
different equations of state at the center, and for differ-
ent trial functions ζ, in Table I. As one can see from the
Table, for all chosen trial functions the oscillations fre-
quencies are positive, which shows that the stellar model
is stable against radial adiabatic infinitesimal perturba-
tions for all considered central equations of state.
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pc/ρcc
2 ζ R2cσ
2/c2
1 ξ3 0.167
1 eξ/2ξ3 0.108
1 e−ξ/2ξ4 0.245
1 e−ξ/2ξ7/2 0.174
2/3 ξ3 0.082
2/3 eξ/2ξ3 0.114
2/3 e−ξ/2ξ4 0.122
2/3 e−ξ/2ξ7/2 0.088
1/2 ξ3 0.047
1/2 eξ/2ξ3 0.063
1/2 e−ξ/2ξ4 0.070
1/2 e−ξ/2ξ7/2 0.051
1/3 ξ3 0.143
1/3 eξ/2ξ3 0.174
1/3 e−ξ/2ξ4 0.224
1/3 e−ξ/2ξ7/2 0.166
1/4 ξ3 0.167
1/4 eξ/2ξ3 0.191
1/4 e−ξ/2ξ4 0.266
1/4 e−ξ/2ξ7/2 0.201
TABLE I: Oscillation frequencies of the stellar model for
different equations of state at the center of the star, and for
different trial functions ζ.
V. DISCUSSIONS AND FINAL REMARKS
In the present paper we have obtained an exact an-
alytical solution of the gravitational field equations de-
scribing the interior of massive general relativistic fluid
spheres. The solution was obtained by using an integra-
bility condition of the Riccati equation, which is equiva-
lent with the condition of the pressure isotropy inside the
star. The integrability condition reduces to a second or-
der non-linear differential equation, which can be solved
exactly in terms of an infinite power series. This gener-
ates an exact, non-singular solution of the interior field
equations, which gives a full physical description of the
physical parameters of the system. We have analyzed in
detail the physical properties of the star corresponding to
this exact solution. Its physical properties critically de-
pend on the equation of state of the matter at the center
of the star. Since the equation of state of the matter at
high densities is unknown, we have restricted our analysis
to the case in which the central matter is described by a
simple linear barotropic equation of state pc = βρcc
2, and
we have analyzed in detail the cases β = 1, 2/3, 1/2, 1/3
and 1/4, respectively. In particular, the speed of sound
is smaller than the isentropic speed of light for β ≤ 2/3,
with the isentropic speed of sound exceeding the speed
of light for 2/3 ≤ β ≤ 1. However, all analyzed models
are stable with respect to the radial adiabatic perturba-
tions, thus showing that for the present case the possible
violation of the causality condition does not automati-
cally lead to a physical instability of the stellar object.
In fact all considered models are stable with respect to
infinitesimal radial perturbations. On the other hand, at
high densities new phases of matter can appear in the
high density core of compact objects, like quark, kaon,
hyperon or different types of Bose-Einstein condensates
[21]. Hence a more realistic choice of the equation of state
at the center of the star may lead to different results for
the causality condition, as well as for the behavior of the
adiabatic index γ.
From the study of the astrophysical properties of pul-
sars presently there is conclusive observational evidence
for the existence of neutron stars with masses signifi-
cantly greater than 1.5M⊙ [22]. By using the Shapiro
time delay to measure the inclination the mass of the
pulsar PSR J1614-223048 was recently determined with
a high accuracy to be 1.97 ± 0.04M⊙ [23]. Moreover,
a relatively high number of X-ray binaries seem to con-
tain high-mass neutron stars: about 1.9M⊙ in the case
of Vela X-1 and 2.4M⊙ in the case of 4U 1700-377 [22].
Even more interesting, and intriguing, is the case of the
black widow pulsar B1957+20, with a best mass estimate
of about 2.4M⊙ [24]. For this system both pulsar timing
and optical light curve information are available. It con-
sists of pulsar with a 1.6 ms period in a nearly circular
9.17 hours orbit around an extremely low mass compan-
ion, of mass Mc ≈ 0.03M⊙. The irradiation of the com-
panion star by the pulsar strongly heats the cosmic en-
vironment to the point of ablation, creating a comet-like
tail, and a large cloud of plasma, with the plasma cloud
determining the observed eclipsing. Therefore the pulsar
is literally consuming its companion, and hence the name
black widow for this cosmic object. During the long time
astrophysical evolution the mass of the companion star
has been reduced to a small fraction of its initial mass
[22]. On the other hand, the theoretical analysis of the
structure of the pulsar shows that a measured mass of
2.4M⊙ would be incompatible with hybrid star models
containing significant proportions of exotic matter in the
form of hyperons, some forms of Bose condensates, or
quark matter [22].
However, we would like to point out that the mass
and radius of the 2 − 2.4M⊙ neutron stars perfectly fit
the expected properties of a star in the present general
relativistic stellar model. For a central density of the
order of ρc ∼ 3× 1015 g/cm3, the mass of a typical gen-
eral relativistic star described by the solution of the field
equations is of the order of two solar masses, with a ra-
dius of around 11 km. Therefore, we suggest that the
recently observed 2−2.4M⊙ mass neutron stars could be
a typical example of a general relativistic star described
by the static model obtained in the present paper.
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